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Abstract: In this paper we extend the result of Geraghty([4],[5]) about ¢- contractions,
starting from the papers of O.Popescu( [7]) respectively A.Fulga, A. Proca ([2]). We introduce a
new notation and we establish a fixed point theorem for such mapping in a complete metric space.
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1. INTRODUCTION

Because of its importance in mathematics and specially in fixed point theory, a lot of
authors ([6],[7],[8].[9]) gave generalizations of Banach contraction principle [1]. One of
the most well-known generalizations is given by Geraghty[5].

In this paper, starting from [7] and [2], we introduce the notion of ¢, -Geraghty
contraction and prove a fixed point theorem for ¢,,-contractions, which generalized
theorem (1.1).

Theoreme (1.1) Let (X,d) be a complete metric space and T:X—X be an operator. If T
satisfies the following inequality:

d(TxTy) < @(d(x,¥)) -d(x,¥),Vx,y €X, (1.2)

where ¢:[0,00) —=[0,1) is a function which satisfies the condition

lim, .. e(t,)=1=lim, . t, =0 (1.2)
then T has a unique fixed point.
2. MAIN RESULTS

Definition (2.1) Let (X,d) be a metric space. A mapping T:X—X is said to be a @g-
Geraghty contraction on (X,d) if there exists ¢ € @ such that

d(Tx, Ty) < ¢(E(x,¥))E(x,¥),¥x,y € X,

where

E(x,y) =d(x,y) +|d(x,Tx)— d(y. Tyl
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and @ denote the class of functions ¢: [0,c0) — [0,1) which satisfies the condition:

lim, ... @(t,)=1=lim,_ t, =0 (2.1)

Theorem (2.1) Let (X,d) be a complete metric space and T:X—X be an ¢z-Geraghty
contraction. Then T has a unique fixed point x* € X and for all x, € X the sequence
{T™x,} is convergent to x*,

Definition (2.2) Let (X,d) be a metric space. A mapping T:X—X is said to be a
@,; —Geraghty contraction on (X,d) if there exists ¢ € @ such that

d(Tx Ty) < (M (x,3) )M (x,¥) (2.2)
where
M (%, y) = max{d (x, y) +|d (x, TX) —d (y, Ty)}; d(x, TX) +|d (x, y) = d (y, Ty); (2.3)

d(y,Ty)+[d (x,y) — d (x, T L AT ;'d(X’TX) 0.1
and @ denote the class of functions g: [0,ce) — [0,1)which satisfies the condition:
lim, ... @(t,) =1=lim, . t, =0

Theorem(2.1) Let (X,d) be a complete metric space and T:X—=X be ¢, -Geraghty
contraction. Then T has a unique fixed point x* € X and for all x; € X the sequence
{T™x,} is convergent to x*,

Demonstration:

Let x, € X, arbitrary, fixed, with x,., = Tx, = T"x,, then x, is fixed point for T.
We can suppose that x,, # x,,., for all natural n so it results d(x,,,%,+,) = 0,%vn € N.

If we denote d(x,,%,.,) = d, and put x=x,, and y=x,,54 in (2.2)

d(Tx,Ty) = cp[:M [x,}r:]) M (x,¥), where @:[0,00) = [0,1) and

[@(t,) — 1] = t,, — 0, we obtain
d(Txn’Txn+1j = ‘;J[M [:xnrxn+1j) . M(xn,xn+1:].

M[xn’xn+1] =max{drz + |dn - d:v:+1|-'I d?: + |dn - dn+1|’

d(x,,%,50) +d(x, 49, x,0,) +d, — dn+1:]|}

dn+1+|dn_dn|’ 2

If l:i:'1+1 = dn =

d[xmxn+zj +d, — d:—:}
2

M(x,,x,.,) = max {dnﬂ,
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But

d('xn’xn+2j + li;~:+1 - dn dn + l:i:'2+1 + li;~:+1 - dn
2 = 2 drz+1

So we have M(x,,%,.1) = dy.q.
From the assumption on the theorem we get

d(x,9,%,4,) = @(d,+4) - d, 44, and we obtain
l:i:~q+1 = ‘P(dn+1] = d;-;+;|_:

which is a contradiction.
Ifd, =d,.,, we have

d[xnrxnﬂ] +d, — drz+1}

M(xn ,xn+1) = max {Edn —dys sy 5
But 2d, —d, ., = d,.,,and

d(xnfxn+2j + dn - l:i:~z+1 - dn + l:’-"I:~z+1 + d::'2_':1:"z+1 =d
2 - 2 oo

Edn - l:‘T':*z+1 = dn + (dn_dn+1] > dn'

So M(xn’xn+1] = Edn_drz+1

From the assumption of the theorem, we get

d(xn+11xn+2:] = ‘F’(Edn - dn+1:] . (Edn - dn+1:]
dn+1 = (;J[Edn - drz+1] [zdrz - I:i.'~:+1j (24)

dpyy = 2d, —d,qy

Therefore d,, = d, .., ¥n € N.
Let d = lim, _,.. d,, and we suppose that d = 0. Taking the limit as n — o2 in (2.4) we
get

d = lim[e(2d, —d,,) - (2d, —d, )] < lim (24, —d, )

d< lime(2d, —d,;;)-d=d
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= limg(2d, —d, ;) =1 = lim(2d, —d, ;) =0 =d=0.

We prove now, that {x,} is a Cauchy sequence. Suppose, on the contrary, that there
exists £ = 0 and{n(k)},fm(k)} = W n(k) = m(k) = k, such that

(X0 X)) Z & A X -1 Xy ) < & (VK € N. (2.5)

Using the triangle inequality and (2.5), we get:

£ < d( %9 Tmi) € (Xt Xnt-1) + A X -1 Xmi ) (2.6)

Taking the limit as & — o in (2.6) and using (2.5) we obtain

lim d(x,0, pnizy) = £ 27)
Also

|4 (041 X 1) = 8 (Engi X )| =

= d(% 0 Tntioe1) + (Xm0, Xmi 1) (2.8)

and m d (2,041 Xt +1) = €

—Hoo

Putting x = x,r,3-4, ¥ = X1 In relation (2.2) we deduce

£ < d( X X)) <

=g [M(xn':k}—l’xm':k}—lj) M (X010 Xy -1)» (VK E L (2.9)

where
M (%) -1 Xm(i)—1) =
max {d (%, 0- 1. Xme-1) + (X002 Xnt) = AEmi0 -1 Xtz
d[:xn'ik}—lrxn{k}) + |d[xn':k}—1’xm':k}—lj — A(X ()1 Xom(i) )
(X m)-1 Fati) ) F A nti)—1 Xmtir-1) — E(Eng—1%n0) |
%[d(xn':k}—irxm':k}j + d(Xom)-1 Xn() T A F (=1 %n()) = FEmr =12 Tt |1}

r

r

We observe that

Hm M (%, 0 -1 Xmx-1) =€ = 0 (2.10)

k—oo

Taking the limit as & — @ in (2.9) and using (2.10) we obtain
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£ = iij}]gcd(xnlik}—lrxm':k}—lj =

= lim [‘F(M(xnik}—irxmik}—i)) ) M(xn':k}—i!xm':k}—i:]] =&

ke =oo

and

dm (M(xi0-1: miz-1)) "€ = &

S
:15’3:@[” (X1 Xmz-1)) = 1=

= Um M(xn00-1 Xmi-1) = 0,

which is a contradiction.
Therefore {x,,} is a Cauchy sequence. By completeness of (X, d) {x,} is convergent to

x*€X and limd(x,,x*) =0 (2.11)

k= oo

Finally, we will show that x* = Tx*. We put x = x, and ¥ = x"in (2.2):

d(Tx,, Tx*) < @(M(x,,x*)) M(x,,x*)

d(xpeq, Tx*) = @(M* (x,,x%)) - M*(x,,,x*) (2.12)

M(x,,x%) = max{d(x,, x*)+ |d(x,,Tx,) —d(x*,Tx")|,

dx,,x,:0) +1ld(x,,x%) —d(x*,Tx*}|,

r

d(x*,Tx*) + |d(x,, %,0q) —d(x, .x7)

1
5 [d (2, Tx") + d(x%,%,54) + |d(x,,2,5) — d(x7, Tx7)I} (2.13)

lim M(x,,x%) = d(x*,Tx") (2.14)
Taking the limit as n — 2 in (2.12) and using (2.14) we get:

d(x*,Tx*) < lim @(M(x,,x*))- d(x*,Tx*) < d(x*,Tx*)
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lim @[M[xn,x*j) =1, limM(x_ ,x*)=0= d(x*Tx*)=0
L —Hoo ¥ =00

Hence, x* = Tx*.

Now, let us to show that T has at most one fixed point.

Indeed, if x*,¥* € X are two distinct fixed points of T, that is, Tx* = x* = y* =Ty,
then

0<d(xy) =d(Tx"Ty") = @(M(x",y))- M(x*,y") (2.15)

Because
M (X", ") = max{d (", y") +[d (<, TX) = d (¥, Ty")

AT +d (¢ y) —d(y", Ty,

A<, Ty ) +d(y", TX) +[d (X, TX) - d (y",Ty") \-

Ay, Ty") +[d (<, y) —d (', X)), >

=d(x",y"), it follows from (2.15) that

0<d(x%y") < e(d(x"y))d(x"y") < d(xy).

This is a contradiction. Then d(x*,¥*) = 0,s0 x* = y*. This proves than the fixed
point of T is unique.
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