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SCHWARZ METHOD FOR VARIATIONAL INEQUALITIES
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Abstract: In this paper we want to bring into question the Schwarz overlapping domain decomposition
method, taking into account that domain decomposition is a technique where the original domain is
decomposed into a set of smaller sub- domains. We will talk about the additive Schwarz method for
variational inequalities, presenting first the general framework where we expose the problem that we
want to study. The purpose of thiswork sis to exploit a convergence theory for the specified method. The
convergence results from the norm estimates for some error reduction operators. The additive Schwarz
algorithm is formulated in a way which admits a nice recurrence for the errors between two consecutive
steps. Through a study for projection operators onto closed and convex subsets of a Hilbert space, we
will demonstrate a geometric convergence for our method. We have to mention that for simplicity, the
theory will be demonstrated only for the obstacle problem.
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Let £V.C3} be a Hilbert space and

at¥ xU' =R 3 bilinear, symmetric,

1. Introduction
coercive and continuous form and & €V 3

convex, closed subset. We consider the
following variational inequality:

The additive Schwarz method, named after
H. A. Schwarz, solves a boundary value
problem for a partial differential equation
approximately by splitting it into boundary
value problems on smaller domains and
adding the results.

The paper is organized as follows: firstly we
will study the variational inequalities in an

ue kK
afv—uwl 2 flv—ubvvek
(PT)
where [ is a linear continuous functional
onV (ief el
From the properties of the bilinear form

afed it results that
ofu, v) = fu, vhvu v el

abstract framework, then the general result
developed before will be applied to an
obstacle problem in Sobolev spaces.

2.  The Schwarz method for

. . . Furthermore, we have
variational inequalities o v = G vh ¥ p € ¥
2.1. General framework  An G ¥I= ML vANLTET Let be
iterative scheme F:lP =R



It is known that the problem (P1l) is abtiy + Uy sy — Uy VB Flvs — ug VY € Kpp

equivalent to the following minimization . (P4)
problem:z s K. Fad £ Flvhvw e K | Furthermore, we will make the following
(P2) assumption which is necessary to demonstrate

We want to approximate the solution of the convergence:

(P1) by iterative procedures. Then, let Vi,

) Assumption 2.1.
{=T7 bpe subspaces of ¥ such that
] m , The problem (P4) is equivalent to the
V= ZF; following problem:

i=1t . The interest is to define an e K
Thopr, £
algorithm for constructing a sequence f#n ey - o
g ) & q ; Akt + v o v = U B @l v = up VY 8 K
to approximate the exact solution of the ' : : ' '

o L : (PS)
problem (P1), which is the minimum of the We can write the problem (P5) under the

functional £ . It is natural to impose that the  forn

g o s = Uy ) 2 bt = U vy = Up b VY € By

solution from the step ¥ =1 to decrease the {um & Knj

value of the functional £, ie.

Bty )% Fou ) : R G |
Algorithm descrintion The correction is given by the solving the
g P problem (P6).
We proceed in two steps. Let “nitti—=+Eni be the projection
1. It is defined . € Vi such that: operator on the convex closed set &m.i. From
iy, + g} 5 Flu, + v v, 6 Ky, (PO)itresults that:

(P3), Uy, = Prgllt = uy) (*%)
where K = s € Vit Uy + v € K} With these preliminary the iterative scheme is
5 I‘; 1s de ﬁl;e q . ' defined as follows:

Upby = Ty + 0 Zunl: Algorithm 2.1.

=1 , (*)
with 2 chosen such that tn+1 € K |

Letbe #t= @M &1  We have:

Let be #a & K .| We compute the sequence of
approximations {¥#¥ as follows:

o o 1. Wecompute Ui fromthe problem (P4).
Ble Ble 1 . ~

Uy = U + 0 Zu.r..: = {1 - iy +;rzﬁiun $ln) 2 Wecompute Un+a from (¥).
=1 = 3. Llet #x = U —Un be the error at the step T .

From (**) it results that:

Un, = Pyi8n

[

%{uﬁ +lunihek

Since Un € & and i=t , we Thus, from (*) it results that:
observe that a sufficient condition to have  ®n-1 =4 —@lulan

1 where Tn is the additive operator
Uner €8 sthat# =1 je. L ey 1t
Obviously, the formulation of the problem . — Z;P il

(P3) is equivalent to the following variational
inequality:

{um & A
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To demonstrate the convergence of the
Schwarz method, we analyse the additive
operator Tn .

2.2. Technical estimates

Let E:=V.!=Tm be convex closed
subsets such that Q€. vi=Tm we
observe that this hypothesis is satisfied for
K: = Kns because in EK . Letbe F&V
We consider the problem (P1) in the case
afes} = {3 which is equivalent to * = Pf |
where Fil” =+ K: s the projection operator,
or we can have:

B:fak;
GELf v = P v — Fif b
Vel 2.1)

The corresponding additive operator is given
by:

T= ip:
=1 .

Taking ¥ =

===

2

(A)

0 in (2.1) we obtain:

g [F)=1= I ) =

Next, we investigate the boundedness of the
operator T . Let be € = [%:1] which satisfies
the inequality:

|2 71cf Prgdl = collPAll#;
¥i,pel

¢ =EG:_1}

Let be el and let I€1 be the
norm of the matrix C.

(2.5)

SRR RISI

WE:FIF = 68:f . Bif b {frF:f},

Yfel. (2.2)
From (2.1) we obtain:
(fov—Pif)= WPLf v vv €Ky
(2.3)
Definition 2.1: A vector £ 2V s said to

have an admissible decomposition with
respect to {11} and a fixed constant Ca, if
there exists a partition of f
.-F= .'ﬂ""f: +'"+-'F;i.‘-'-'i‘_. & H:,
such that

mr

DIFIE = Co IFIF

=1 (2.4)
Lemma 2.1: If W&V has an admissible

decomposition with respect to {1} and the
constant Ce, then we have the inequality:

GFerre Q4 O X7, TH

Demonstration: We have:

FA1-Bife T LR el T

Lemma 2.2: Let T be defined as above. Then
ITFIF= ICKF-TfhYf el
Consequently, ITFll = IETIFIL vf e ¥ (2.6)
From the above two lemmas, we easily deduce
the following properties of the operator T .
Theorem2.1: Let f € ¥ having an admissible

decomposition with respect to E&1:} and the
constant Ca:

P20 WFIF = (. Tf)s



ICIEF. (B) stating that in our case we have

and ez B & 1C1E e IR,

2400 IFIF s EFIP 5 Replacing these two obtained relations in the
ICIENEIF (©) above equality, we have:

Demonstration: For (B) we have: lensalP = [L— 2062 + Cgd * = 2% €I | len P
* from lemma 2.1 we have: ) (D)

Fefra @+ Coif. T = (24C3™  where € depends on @ and €17 5 [9:1] guch
WFF = €£.Tfhvfel, that:

) PoifePryg) S CHPnif IFPn sl ¥figeV
GOSN 1NN = (I v eV
, Where we used (2.6).
For (C) we have:

 from lemma 2.1 and the Cauchy- Schwarz 3.4. Anapplication in the domain

inequality we have decomposition method

IFIF = €2 + CoMf . TF) 5 62 + CoMIF T £ =
t2+ 0™ IFIF = ITFIF.¥f s 1.

* from lemma 2.2, the relation (2.6), we have: OB BEN .
ITFIF s ICPIFIF.¥Fel e . » be an open bounded domain

For simplicity, the idea will be illustrated
only for obstacle problems. Let

with Lipschitz continuous boundary £ = e
2.3. The convergence We assume that @2 =L Ul Ninlz=9 s
a partition of the boundary such that
meas ([,1) > 0. We consider the Sobolev
space
V={ved1{{@v=0 on LI ]
the convex set
K={veliwz0 jy 3} (2.7)
and the problem:
uef
afw, v —udz fiv —ulvwe K, (2.8)

Theorem 2.2: Let tn be the solution given by

algorithm 2.1 and let ¥ be the solution of the
problem (P1). We assume that the assumption
2.1 is satisfied. We also assume that to @ &

is an element such that at each step ™, U —
Uxn has an admissible decomposition with

respect to HXini} and a fixed constant Ca
independent of 7. Then, for £ chosen {

sufficiently small, 38 40,17 gych that: Y . i
i — trmglPF 5 @l — sy IF where @.'#*is a symmetric, continuous and
- Hri N .

Demonstration: We know that positive definite bilinear form on ¥ X ¥ and

Brey =0 —0Tr on, Felm being the dual of the space V- For
It results that: simplicity, the analysis can be restricted to the
lenalf=llenlF — 20€Tren, end+ @ Mnenlf. following bilinear form model:
We use the rela_tti_on (B) from theorem 2.1, i.e.: b, w) = f' 1y - Furdic
$2+ 0™ IFIF 5 6F.TF), S on {2,
stating that in our case we have v.wel (2.9)
$25 0™ lenlF s 8. Tren). First, we decompose the domain into
So, ={Tnen En¥m =2 + Cpi™ lenlPF overlapping sub-domains:

We also use the relation (C) from theorem 2.1.
ie.:

EFIF = ICFIFIF,
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(2.10)

where ;' are open sub-domains with
Lipschitz continuous boundary.
Secondly, we define V. ={rilelwi=0

in & =27k L = (L) | Next, we apply the

abstract theory that we exposed it before, to
approximate the solution  of the problem

2.8).
Algorithm 2.2: Let be o @& . We compute

the sequence of approximations {1} as
follows:
1. We assume that i

consider the convex set:
Hrh: = {"l.'r": 2 I"r:I VT U € K}u

is known. We

2.11)
For each & {l....mi e compute ¥mi by
solving the problem:
Vs € fp.

aftt, + v ¥

. (2.12)
We update the approximation by:
L{-r+1 = I.-[-'r 'f'j.r' Tu‘ti N

= , (2.13)
where A  should be chosen such that
Upeq € K.

The following lemma provides a useful
criterion for choosing ~-
Lemma 2.3: For any * €2 | Jet N} pe the

number of sub-domains containing *- If @ is
chosen as a smooth positive function such
that:

ey =1 vx e 42, (2.14)

- 'b“n,;}E fly - ".:-n.:}, YV E X

then the approximation %n+1 from (2.13) is a

function in the convex set - Also, the
convergence that results theorem 2.2 holds in
this case if:

L—2p L =i+ e ICF 5@ = 1,

¢ min = max [
where “gxs and Pz =% geks
Demonstration: ~ First, for any + < a

(= 0'mE In(nl @zl N¥x) mind o)l @)

So, from (2.13) and (2.14), we have:

Uppepg G 2 Uy () + 2E N () , min
Vg A

If min-l Lvy(n )] (23 = Q. then from the
above inequality we have that n+afxd 2 0
If min=d Kyyln i)l (o)« @,
(2.14) we have:
(i + 1) (x) 2w (x) +minpl Do l)d (=0,
where at the last step we have used the fact
that: Hrbxk+ v ek 2z vl {1, .. mi
Regarding the second part of the lemma, we
see that it results from the relation:
lenss P81 — 20161 = o3~ + @22 1C1 Hllen IF
, instead of (D).
To demonstrate the convergence by using the
abstract result established above, we first have
to show that the assumption 2.1 is satisfied for
the model problem (2.8).
With Hni = Un + Vng,
problem (P5) as follows:
By, € Exnitiin

then from

we can rewrite the

@ Thgy 50 5 — Uy, 1 ) 2 U Tg — Ty ¢ b YU € Ky g

+1ily (2.15)

Then, the assumption 2.1 is equivalent to the
equivalence of the problems (2.12) and (2.15).



Lemma 2.4: Let ¥ be the solution of the
problem (2.8) and %n.i the solution of the
problem (2.15). Then, we have the statements:
1. If the approximation from the step

7 gsatisfies the conditions %= ® & and

U=Un €H  then Ui E K and
U—TUg g EH

2. If the inequalities (2.12) and (2.15) are
equivalent in the sense that:

Un,i verifies (2.15)

{'ﬂ'n.: verifies (2.12),

then Yn,i = Un + Vi,

Demonstration: 1. Let be &fT+={x¢&

et Dul (nl) > 0k

Taking ¥¢ = Un,s L €W in (2.15) we have:

abity e = w.aw )= 0w e Vw: =0 on

2-43

Since & €40.1} it results that:
aftty s — wwi )= 0 vw; e Vpw, =0 o

a-ar (2.16)
2.We show that ¥ —Umi€& TLet be
Diymfra B ugy—u=0h
We claim that &5 = £I7.
In fact, if * € &4 then Un k= ulxd= 0 je.
Uk > u oy 2= 0, (2.17)

25 we have Umi = Un % U then

Since in =
(2.17) involves * € {I; and ri&&} > @ Thus,
* €LY+ We observe that U —Un €K (ie.
Up & U )

and therefore,

Uns— U =tn=-UB T opn ;N L
Since &: = L7+ the function
& = Un k- wixkhr e Dy

0 aeld =0y

is defined on Vi and vanishes in & — ¢ .

Replacing Wi in (2.16) by #: we have:
afiy = w P = 0= al@, ¢ 1=0=
¢: = &

Therefore, D: must be the empty set. This

that
e K.
We show now that the inequalities (2.15) and
(2.12) are equivalent in the sense established
in the theorem.

shows U=TUgs =T and  thus,

U — Ty g

In fact, from (2.15) we have:
abtiy v — g ;) & afu, vd— afu, ug e
WU E Ky 4 by ©E, (2.18)

It is known that @1, Vg & flvd wim Tin

and since W= %n:€ & we have:

—afu, g b= @l —uyg —ud & flu-upgg—up= fl-ugh

Replacing the last two relations in (2.18), we
obtain:

ey, o ¥ = U ) 2 Flvg = up b vog @ vy + Ky
Taking ¥m.i = Un.i = Un: we observe that ¥n.i
provides a solution of the problem (2.12).
This, together with the uniqueness of the
solutions of the problems (2.15) and (2.12),
goes to the wanted equivalence. By
computing, we have:

afu, + vy v = vy )=l + vy 5 10 )2 flv - v ) - Flug)

From the demonstration of lemma 2.3 it
results that the new approximation ¥m-+1 lies

in £ as long as tn €K and etxdVicd = 1.
We assume that % —%uxn € £, We want to

know if ¥ —Up+s €& s valid under the

same constraint of £+ The answer is positive.
To see why this holds, we observe that from
(2.13) we have:

13
U= TUgpg = U =Ty — pZ"ﬁn,:.
=

We observe that from lemma 2.4 we have:
U+ Vi = Un s S U Vs S U — U

Therefore,

HL

Ztﬁn.:(?‘i}ﬂ
N M) =, (b,

iy

It results that
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(i}

U=ty = @ Zrm 2 0=ty = N K = upd = (1 - oK -y ) 2 0,

Thus, ¥ = Un+wq € &
The result can be summarized as follows:

Theorem 2.3; Let ¥ be the solution of the

inequality (2.8) and let { ™"} be a sequence
of approximations given by the algorithm

2.2, in which the parameter @ is chosen
according to the lemma 2.3. If the initial

guess uo is selected such that e,

u—tg €K then
Furthermore, the problem (2.12) is equivalent
(2.15) in the sense that *u.s =t + T

Ugepy, W= Ugwg EH
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